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I. INTRODUCTION
In this communication we report the results of our analysis of some three-and fourbody systems each of which include one positively charged muon µ + and two electron e − .
Briefly, we can say that each of these few-body systems contains muonium Mu (or µ + e − ), or muonium ion Mu − (or µ + e − 2 ). Recently, there is an increasing experimental interest to such few-body systems (see discussions and references in [1] - [5] ). This can be explained by rapidly growing experimental abilities to detect and isolate similar few-particle systems.
Moreover, by using the modern experimental techniques one can investigate some of the bound state properties of these systems. Another reason follows from the fact that the µ + muon has positive electric charge and relatively small particle mass. This means that all atomic and molecular few-body systems which contain one positively charged muon and two electrons have very special electron density distribution which differs substantially from electron density distributions in 'similar' atomic and molecular systems. In reality, such systems can be considered as a separate class of bound systems which are neither atoms, nor molecules. In some cases, the positively charged muon plays a role of central particle which stabilize a few-electron structure, e.g., in the Mu − ion and MuPs system (see below).
Formally, all few-body systems with positively charged muon are unstable, but their lifetime τ (≈ 2 · 10 −6 sec) significantly exceeds the mean time(s) of atomic transitions and decay processes τ tr ≤ 1 · 10 −11 sec. In other words, these few-body quasi-atomic systems can be created and stabilized in their bound state(s) substantially faster than the decay of the µ + muon can occur.
As follows from the above, it is important to predict the overall stability of the few-body systems which include muonium Mu (or muonium ion Mu − ) and investigate their basic
properties. These problems are considered in our study. In particular, below we consider the negatively charged Mu − (or µ + e − 2 ) ion and neutral four-body MuPs (or µ + e − 2 e + ) systems.
Each of these systems has only one bound (ground) state. Recently, we could drastically improve the overall accuracy of our variational computations for the both Mu − ion and MuP s system. For the ground 1S 1 −state in the Mu − ion we can now produce the variational wave functions which contain 2 -3 additional (correct) decimal digits (compare with results from [8] ) in the total energy and other bound state properties. The overall accuracy of thr bound state computations for the Mu − ion is comparable with the accuracy of the best atomic calculations for the two-electron atoms and ions. For the four-body MuPs system we have also derived much better variational approximations to the exact wave function.
This allows us to evaluate many bound state properties of this system to very good accuracy (compare with [12] ). For the MuPs system we also re-derive the formulas which have been obtained and used earlier [12] This paper has the following structure. The negatively charged muonium ion Mu − is considered in the next Section. Since this ion is a three-body system, then we can determine the total energy of the ground 1 1 S−state of the Mu − ion to very high numerical accuracy.
Many expectation values (i.e. properties) of this ion in its ground state have also been determined in our highly accurate computations. The neutral four-body MuPs system is considered in the third Section. Here we also evaluate a number of few-photon annihilation rates for this system and the hyperfine structure splitting. The four-body
and t + µ + e − 2 quasi-molecules are discussed in the fourth Section. Note that these systems have never been considered in earlier studies. For these three systems we consider only their electron ground states. Concluding remarks can be found in the last Section.
II. NEGATIVELY CHARGED MUONIUM ION
First, let us consider the negatively charged three-body muonium ion Mu − which consists of one positively charged muon µ + and two electrons e − . As mentioned above this system has only one stable bound state which is the ground 1 1 S−electron state. Stability of the ground state in the Mu − ion has been shown in 1986 [6] . A few years later this ion has been created in actual experiment [7] . The total energies and other bound state properties of this ion have been considered in [8] . Since our paper [8] 
The non-relativistic Hamiltonian of the Mu − ion takes the form
is the reduced Planck constant, m e is the electron mass and e is the absolute value of the electric charge of electron. In this equation the subscripts 1 and 2 designate the two electrons e − , while the subscript 3 denotes the heavy central particle µ + (quasi-nucleus) with the mass m µ (m µ ≫ m e ), and positive electric (nuclear) charge +e. For the Mu − ion we need to solve the non-relativistic Schrödinger equation HΨ = EΨ for the two-electron ions, where H is the Hamiltonian, Eq.(2), and E(E < 0) is the eigenvalue, which coinsides with the total energy of the Mu − ion in its ground 1 1 S−state. This state will be stable, if its total energy is lower than the total energy of the two-body muonium Mu (µ + e − ) which
Numerical solution of the Schrödinger equation allows one to obtain highly accurate wave function(s) Ψ. In reality, the unknown (exact) wave function is approximated by using some rapidly convergent variational expansions. One of the best variational expansions known for three-body systems is the exponential variational expansion in the relative coordinates r 32 , r 31 , r 21 , or in the perimetric coordinates u 1 , u 2 , u 3 . For the ground (bound) 1 1 S−state of the two-electron ions/atoms the explicit form of these expansions are
where r ij =| r i −r j |= r ji are the interparticle scalar distances and r i (i = 1, 2, 3) are the three Cartesian coordinates of the particles. In Eq.(3) the notationP 12 stands for the permutation operator of identical particles (electrons), C i (i = 1, 2, . . . , N) are the linear parameters of the exponential expansion, Eq.(3), while α i , β i and γ i are the non-linear parameters of this expansion. These non-linear parameters must be varied in calculations to increase the overall efficiency and accuracy of the method. The best-to-date optimization strategy for these nonlinear parameters was described in [9] , while its modified (advanced) version was presented in another paper published in 2006 (see the second paper in Ref. [9] ).
Note that the 3N following conditions Table II (see [12] ). The results from Table I and II is the most complete and accurate set of the expectation values ever determined for the muonium ion Mu − .
The negatively charged muon Mu − ion is an example of three-body quasi-atomic system where the µ + muon plays a role of a central particle, or 'quasi-nucleus'. Another such a system with the same quasi-nucleus is the four-body neutral system MuPs (or
which is discussed below. Note that the MuPs system has a more complicated internal structure and a number of interesting bound state properties.
III. FOUR-BODY MUONIUM-POSITRONIUM SYSTEM
Another systems which contains muonium Mu (µ + e − ), or muonium ion Mu
is the four-body MuPs (or µ + e − 2 e + ) quasi-atom which contains one bound positron [12] . In other words, the MuPs 'quasi-atom' is a pure leptonic four-body quasi-atom which also contains one positively charged muon (heavy 'central' particle), two electrons and one positrons (light particles). Such a unique system can now be created and observed in actual experiments in which a large number of positively charged muons are created. The stability of the MuPs system follows from the fact that the analogous four-body HPs and Ps 2 systems are stable.
Moreover, since each of the HPs and Ps 2 systems has only one bound state (ground state), then we conclude that the analogous MuPs systems also has only one bound (ground) state which is the 1 1 S−electron state. In atomic units the non-relativistic Hamiltonian of the four-body MuPs system takes the form (see, e.g., [13] )
where the particles 1 and 2 are the two electrons e − (or '-'), while the particles 3 and 4 are the positron e + (or '+') and muon µ + , respectively. The MuPs system contains two light negative particles and one light positive particle positron e + which are moving around one heavy center µ + . In this sense the MuPs system is similar to the four-body HPs system(s).
The mass of the positively charged muon used n this Section is m µ = 206.768264m e .
To determine the accurate solution(s) of the non-relativistic Schrödinger equation HΨ = EΨ in this Section we apply the variational expansion of the wave function written in multidimensional gaussoids, which are, in fact, the six-dimensional gaussoids for the four-body
MuPs system. Each of the basis functions in this expansion explicitlty depends upon all six relative coordinates r ij , where r ij = r 12 , r 13 , r 14 , r 23 , r 24 and r 34 . For the ground state of the MuPs system the variational expansion in six-dimensional gaussoids takes the form (see, e.g., [14] , [15] ):
where C i are the linear variational coefficients of the variational function, while a ij , where (ij) = (12), (13), . . ., (34), are the six non-linear parameters in the radial function associated with the χ S=0 spin function. This spin function can be chosen in the form
where the notations α and β are used spin-up an spin-down functions (see, e.g., [13] ). The total energies and bound state properties of the MuPs system (in atomic units) determined with the use of the trial functions, Eq.(6), can be found in Table III . In general, the current numerical computations of the bound states in the four-body systems with comparable particle masses is singificantly less than such an accuracy obtained in calculations of the Coulomb three-body systems (see, e.g., the Mu − ion discussed above). This can be explained by a different differential geometry of the general four-body problem. Briefly, we can say that follows from the fact that it is impossible to define six perimetric coordinates (for four-body systems) which have the same properties as the three perimetric coordinates introduced above for three-body systems (see Appendix).
The expectation values from Table III can be considered as 'elementary' properties.
However, by using these 'elementary' properties we can determine (or evaluate) some actual properties of the MuPs system. In particular, by using the expectation value of the electron-positron delta-function from Table III we can evaluate the two-and three-photon annihilation rates Γ 2γ and Γ 3γ for the ground state in the MuPs system. The sum of these two annihilation rates essentially determines the life-time of the MuPs system. The formula for the Γ 2γ rate takes the form [12] Γ 2γ (MuPs) = 2πα 4 ca 
This formula can easily be derived from the well known formula obtained in [17] for one triplet electron-positron pair. The lowest-order QED correction to the Γ 2γ (MuPs) annihilation rate is written in the form (derived from the formula [18] for one singlet electron-positron pair)
This correction is negative. By using these formulas and our expectation value for the electron-positron delta-function δ(r +− ) from Table III 
With our expectation values of the electron-positron delta-function δ(r +− ) (see Table III) are 3.64386·10 3 sec −1 and 6.33958 sec −1 .
The one-photon positron annihilation in the MuPs system is of interest in some problems as well as for the future development of QED. This process can be represented as a regular two-photon annihilation of the (e − , e + )−pair and the following absorbtion of one of the emitted photons either by the second electron, or by the µ + muon (heavy particle). Therefore, one can observe, in principle, the two one-photon annihilations in MuPs. The rates of these processes are designated below as Γ
1γ (MuPs) and Γ
1γ (MuPs). Analytical expressions for these rates can be derived from the results of earlier studies [20] and [21] . In atomic units the explicit formulas for the Γ 
and
where Q = 1 for MuPs, while δ(r +−− ) and δ(r +−µ ) are the expectation values of the corresponding triple delta-functions determined in atomic units. In derivation of the formula, Eq. (13), we have assumed that the muonium mass is very large (infinite). The sum of these values allows one to determine the one-photon annihilation rate for the MuPs system Γ 1γ (MuPs) = 4π
By using our expectation values of the triple delta-functions mentioned in these equations (see Table III ) we have found the following numerical values Γ We can also evaluate the hyperfine structure splitting in the MuPs system, where the hyperfine structure arises from direct interaction between the spin-vectors of the positron and muon. The hyperfine structure splitting in the MuPs system (∆H) hsp is written in the form [12] (∆H) hsp = 8πα
where α is the fine-structure constant, µ B is the Bohr magneton which equals 0.5 in atomic units, while δ +µ is the expectation value of the muon-positron delta-function. Also in Eq.(15) the notations m µ and m e stand for the muon/positron masses-at-rest, while the factors g + = -2.0023193043718 and g µ = -2.0023318396 are the gyromagnetic ratios. In
Eq. (15) we have used the factor 6.579 683 920 61·10 9 (MHz/a.u.) has been used to recalculate the ∆E hf energy from atomic units to MegaHertz. By using the expectation value of the muon-positron delta-function δ +µ ≈ 1.62045 · 10 −3 a.u. from Table III To conclude this Section let us note that there is another interesting process which can be observed, in principle, in the MuPs system. This process is the conversion of the µ + −e − pair into its charge-conjugate µ − − e + pair. During the original MuPs system is transformed into another (new) Mu * Ps system which is also bound and contains two positrons. The overall probability of this process is very small, but it is proportional to the δ(r −µ ) expectation value (see Table III ).
IV. FOUR-BODY HYDROGEN-MUONIUM QUASI-MOLECULES
The third group of few-body systems with positively charged muons considered in this study includes three four-body 'quasi-molecules':
. These systems are always formed when high-energy positively charged muons slow down in the liquid hydrogen, or in liquid deuterium and/or tritium. Each of these quasi-molecules includes one positively charged muon and two bound electrons. In each of these three quasi-molecules the µ + muon plays the role of the second positively charged 'heavy' center. Indeed, as follows from the mass ratio of the muon and electron masses the muon's velocity in the aµe 2
2 ) system is substantially smaller (∼ 206.768 times smaller) than the electron's velocity. This means that in the first approximation the µ + muon can be considered as the second heavy particle in the aµe 2 quasi-molecule, where a = p, d, t. However, the actual small dimensionless parameters in the Born-Oppenheimer theory [22] (see also [23] ) of the adiabatic two-center systems are defined as follows (in our notations):
where a = (p, d, t) and notations m µ and M a stand for the masses of the two heavy particles. In our calculations we used the following numerical values for the particle masses:
.483014m e , M t = 5496.92158m e and m µ = 206.768262m e .
The two dimensionless parameters τ 1 and τ 2 determine those systems to which adiabatic approximation can be applied. Formally, the adiabatic approximation works well in those cases when τ min = min(τ 1 , τ 2 ) ≥ 0. quasi-molecules form a separate class of quasi-atomic systems which differs substantially from regular atoms and molecules. Below, we consider these three four-body systems as 'quasi-molecules', but this name is confusing, since it does not represent the actual situation with these systems.
In atomic units the non-relativistic Hamiltonian of the four-body aµe 2 systems is written in the form 
where e = 1 and the particles 1 and 2 are the two electrons, while the particles 3 and 4 are the positively charged muon and heavy particle a, where a = p, d, t, respectively. In Eq. (17) we assume that the masses of two heavy particles a + and µ + are expressed in terms of the electron mass m e . The aµe 2 system contains two light negative particles (electrons) and two heavy positive particles (or two centers) which form the 'molecular' axis a + ↔ µ + . For pure adiabatic two-center molecule the location of this axis in space must be fixed, but this is not quasi-molecules with the analogous properties of the H 2 molecule indicates clearly that such a similarity is observed. However, the overall accuracy of such a similarity is not high and cannot be improved, e.g., by using more accurate wave functions. In reality, the pµe 2 , dµe 2 and tµe 2 quasi-molecular systems form a separate class among four-body systems with two electrons (see above). The same conclusion has been mentioned in [8] , where we discussed the analogous three-body ions: (pµe) + , (dµe) + and (tµe) + (see also [24] and [25] by using the expectation values of the muon-proton (or muon-deutron, etc) delta-function ( δ(r aµ ) in our notations) we can evaluate the hyperfine structure splitting in each of the aµe 2 considered in this study.
The hyperfine structure splitting in the ground S−states of the four-body
quasi-molecules is the result of the direct spin-spin interaction between muonic spin and spin of the heavy hydrogen nucleus, i.e. protium, deuterium and tritium. The two electrons form a singlet pair with zero contribution into the hyperfine structure. The formula which is used to evaluate the hyperfine structure splitting (∆H) hsp in the ground S−states of each of the four-body aµe 2 quasi-molecule takes the form (in atomic units) . The factor m p = 1836.152701 me is the proton's mass expressed in the electron mass m e . Also, in Eq.(18) the factor 6.579 683 920 61·10 9 (MHz/a.u.) must been used to re-calculate the ∆E hf energy from atomic units to MegaHertz. By using these numerical values we can evaluate the coefficients which arise in Eq. (18) for the pµe 2 , dµe 2 and tµe 2 quasi-molecules. These coefficients are: -10.808930550, -1.651657610
and -11.529236682, respectively. Now, by using the expectation values of the muon-nucleus delta-functions from Table III we obtain the following hyperfine structure for these four-body Hz, respectively). Very small values of these hyperfine structure splittings indicate that each of these system has internal structure which is close to the adiabatic two-center molecule.
On the other hand, these numerical values are in dozens times larger than values which can be found in any actual two center molecule.
V. CONCLUSION
We have considered a number of systems which contain the muonium Mu, or muonium ion Mu − . In other words, these systems include one positively charged muon µ + and two boound electrons e − . The total energies and a large number of bound state properties of the negatively charged muonium ion Mu − have been obtained from highly accurate numerical computations. The ground state in the four-body MuPs (or µ + e − 2 e + ) system is also studied in detail. It is shown that the bound state properties are similar to analogous properties of the HPs four-body system. For MuPs we evaluate the two-and three-photon annihilation rates and hyperfine structure splitting. The computed expectation values agree very well with the results of earlier studies (see, e.g., [12] ), but our current results have significantly better numerical accuracy.
In this study we also investigate the bound (ground) states in the four-body quasi-
(or pµe 2 , dµe 2 and tµe 2 ). These systems have never been considered in earlier studies. The three quasi-molecules pµe 2 , dµe 2 and tµe 2 cannot be considered as the 'pure adiabatic' two-center molecules, since the positively charged muon µ + is a relatively light particle. This fact allows us to apply some regular methods, e.g., the variational expansion, Eq.(6), to study the internal structure of these 'intermediate' systems. 
VI. APPENDIX. PERIMETRIC COORDINATES
Note that the three-body perimetric coordinates u 1 , u 2 , u 3 were known to antic greeks.
The Heron's formula (derived first by Hero of Alexandria, but very likely it was also known to Archimedes 200 years earlier) gives the area of a triangle S by whose sides have lengths r 32 , r 31 and r 21 :
where u 1 , u 2 , u 3 are the perimetric coordinates defined above (see, Eq. (4)), while p = An obvious success of the perimetric coordinates for various three-body problems stimulated discussion about the four-body perimetric coordinates which can be used for highly accurate solutions of different four-body problems [28] . Indeed, for an arbitrary four-body system we can introduce twelve perimetric coordinates which must obey six additional conditions (or constraints) [28] . Formally, we can exclude six (of twelve) perimetric coordinates by solving these six constraints as algebraic equations. The six remaining perimetric coordinates will be sufficient for a complete description of an arbitrary four-body problem.
However, during such a procedure some useful properties of the perimetric coordinates can be lost, e.g., some of them can be negative, or vary between the lower and upper limits A and B, where A = 0 and B = +∞. In addition to this, we have a problem of re-ordering of the arising perimetric coordinates (this problem does not exist for three-body systems). This drastically complicates analytical and numerical computations of actual four-body systems with the use of the four-body perimetric coordinates. Note also that the problem of the correct definition of the four-body perimetric coordinates has been re-investigated recently [29] .
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